Introduction
In recent years, control Lyapunov functions (CLFs) and CLF-based control designs have attracted much attention in nonlinear control theory. Particularly, CLF-based inverse optimal controllers are some of the most effective controllers for nonlinear systems [Sontag (1989) ; Freeman & Kokotović (1996) ; Sepulchre et al. (1997) ; Li & Krstić (1997) ; Krstić & Li (1998) ]. These controllers minimize a meaningful cost function and guarantee the optimality and a stability margin. Moreover, we can obtain the optimal controller without solving the Hamilton-Jacobi equation. An inverse optimal controller with input constraints has also been proposed [Nakamura et al. (2007) ]. On the other hand, these controllers assume that the desired state of the controlled system is an equilibrium state. Then, if the controlled system does not satisfy the assumption, we have to use a pre-feedback control design method to the assumption is virtually satisfied. However, a pre-feedback control design causes the luck of robustness. This implies that a stability margin of inverse optimal controllers is lost. Hence the designed controller does not asymptotically stabilize the system if there exists a parameter uncertainty in the system. In this article, we study how to guarantee a stability margin when the pre-feedback controller design is used. We consider a magnetic levitation system as an actual control example and propose an adaptive inverse optimal controller which guarantees a gain margin for the system. The proposed controller consists of a conventional inverse optimal controller and a pre-feedback compensator with an adaptive control mechanism. By introducing adaptive control law based on adaptive control Lyapunov functions (ACLFs), we can successfully guarantee the gain margin for the closed loop system. Furthermore, we apply the proposed method to the actual magnetic levitation system and confirm its effectiveness by experiments. This article is organized as follows. Section 2 introduces some mathematical notation and definitions, and outlines the previous results of CLF-based inverse optimal control design. Section 3 describes the experimental setup of the magnetic levitation system and its mathematical model. In section 4, we design an inverse optimal controller with a prefeedback compensator for the magnetic levitation system. The problem with the designed controller is demonstrated by the experiment in section 5. To deal with the problem, we www.intechopen.com propose an adaptive inverse optimal controller in section 6. The effectiveness of the proposed controller is confirmed by the experiment in section 7. Section 8 is devoted to concluding remarks.
Preliminaries
In this section, we introduce some mathematical definitions and preliminary results of CLFbased inverse optimal control. We also refer to ACLF-based adaptive control techniques.
Mathematical notations and definitions
We use the notation
Definition 1 A function
) sgn(y is defined for R y ∈ by the following equation:
In this section, we consider the following input affine nonlinear system:
is an input vector and U is a convex subspace containing the origin 0 = u . We assume that
are continuous vector fields, and
respectively, which are defined by
For simplicity of notations, we shall drop ) (x in the remaining of this article. We suppose that a local control Lyapunov function is given for system (2). is said to be a local control Lyapunov function (local CLF) for system (2) if the condition
is said to be a control Lyapunov function (CLF) for system (2) if
is a function defined on entire 
In this article, we guarantee the robustness of controllers by sector margins and gain margins. 
Definition 4 System (2) is said to have a sector margin ) , 
Inverse optimal controller
We introduce the inverse optimal controller proposed by Nakamura et al [Nakamura et al. (2007) ]. The following results are obtained for system (2) with input constraint , ) ( : 
W is a domain in which the origin is asymptotically stabilizable. If
Theorem 2 We consider system (2) with input constraint (10) . Let
be the maximum number such that the condition
( 13) is satisfied, and d be a positive constant. Then, input
www.intechopen.com asymptotically stabilizes the origin in r W , and minimizes the cost function:
Moreover, it achieves at least a sector margin
Adaptive control problem
We consider an adaptive control problem for nonlinear systems. In this section, we introduce some definitions and properties. We consider the following input affine nonlinear system:
is an input vector, and
is a constant unknown parameter vector. We assume that The stabilizability of the system with unknown parameters is defined as the following.
Definition 6
Let θˆ be an estimate of θ . We say that (18) For the stabilization problem, we introduce an adaptive control Lyapunov function (ACLF) as the following.
Definition 7
We consider system (18) and assume that
is a CLF for system (18). Krstić et al. (1995) 
Magnetic Levitation System

System configuration
We consider a stabilization problem of a magnetic levitation system shown in Fig.  1 [Mizutani et al. (2004) ]. The system consists of a magnet with a disk, a glass guide rod, upper and lower magnetic drive coils that generate a magnetic field in response to a DC current and two laser-based sensors that measure the magnetic position using the reflection of the disk surface.
Mathematical model of the system
In this article, we control the position of the magnet using attractive force generated by the upper drive magnetic coil. The force diagram is illustrated in Fig. 2 . ξ is the position of the magnet from the upper coil, and u F is an attractive force for the magnet generated by the upper drive magnetic coil. The dynamical equation for the magnet is described by Then we obtain the following state equation:
The system parameters are shown in Table 1 .
0.12 4.5 9.80665 40118.9 0.056464 Table 1 . Parameter values of the magnetic levitation system www.intechopen.com
There exists the following input constraint in system (24):
By the above discussion, the control problem is reduced to the stabilization problem of system (24) with the input constraint (26).
Pre-feedback Gravity Compensation
In system (2), we assume that
in system (24). Therefore, we cannot directly apply the inverse optimal controller (14) to system (24). To achieve
we design a controller to compensate for gravity by a pre-feedback input. We consider the following gravity compensation input
Substituting (27) into (24), the gravitational acceleration 0 g is successfully canceled. Then, we split the input
where s u is an asymptotic stabilizing input for system (24) when 0 0 = g . By using (26) and (28), the input constraint is rewritten to 
To apply inverse optimal controller (14), we construct a CLF for system (24). In general, the controller performance often depends on a CLF. However, it is unclear which CLF achieves the best control performance. Hence, we construct a CLF with a design parameter. Using the integrator backstepping method, a CLF ) (x V can be carried out as Substituting (33) and (34) into (14) and (15), we get the following input
According to Theorem 2,
Finally, the following controller ) (x u is obtained:
Experiment 1
We apply controller (39) to the magnetic levitation system. We set www.intechopen.com margin for u . We apply an adaptive control technique to achieve a gain margin for input u .
Before applying the adaptive controller, we rewrite the system (24) to . Additionally, to consider a gain margin for (41), we rewrite the system to
where κ is an unknown constant and κ θ / : 0 g = is a constant unknown parameter. Note that the range of κ , in which the origin of the system (42) is asymptotically stable, is a gain margin for input u . Furthermore, we consider the following input: (40) and guarantees the gain margin
be a gravity compensation input defined as follows:
Remark 1 In this section, we do not mention whether the input constraints exist or not.
Then, we construct an adaptive law θ & such that the input (43) stabilizes the system (42) and show the input (43) has a gain margin
In this section, we use an ACLF to construct an adaptive law. The following lemma is available for constructing an ACLF.
Lemma 1 We consider system (42). Let
) (x V be a CLF for system (41). Then, ) (x V is an ACLF for system (42).
is an ACLF for system (42),
is a CLF for the following system:
where γ is a positive constant. Note that
, the above system is rewritten to (27) and (35) respectively. This implies all CLFs for system (41) are ACLFs for system (42).
By Lemma 1, CLF (31) is applicable to an ACLF for system (42).
Lemma 2
We consider system (42) and assume that an ACLF 
is a Lyapunov function for the closed loop system of (42).
Proof: Let the origin of system (42) be
. Then, V ′ is a positive definite function.
Assume u is input (43) and note that θ θ
is a Lyapunov function for the closed loop system of (42) and the origin
Remark 2 Lyapunov function (48) contains an unknown constant κ . However, it does not become a problem because both input (43) and adaptive law (49) do not contain κ .
Lemma 3
We consider system (42) and assume that an ACLF (42) The input and the adaptive law are given by (42) and (48), respectively. Then, we obtain
We show that the largest invariant set contained in S consists of only a point
Consider the following solution of (42) belonging to S :
, we obtain the following equation for (42): The following theorem is obtained by Lemmas 2 and 3.
Theorem 4
We consider system (42), controller (43) and adaptive law (49). Then, the controller has a gain margin
Adaptive inverse optimal controller
We calculate θ & of (49) by using CLF (31) as:
Furthermore, taking into consideration the input constraint, we obtain the following controller: 
Experiment 2
In this section, we apply controller (55) to the magnetic levitation system and confirm its effectiveness by the experiment. To consider the input constraint, we employ the following adaptive law with projection instead of (54) x converges to zero without any tuning of control parameters. The gain margin guaranteed by the adaptive law seems quite effective. We can observe that the input is larger than the non-adaptive controller (39), however, the input constraint is satisfied. The parameter estimate θˆ also tends to converge to the true value θ . As a result, the effectiveness of the proposed controller (55) is confirmed. 
Conclusion
I n t h i s a r t i c l e , w e p r o p o s e d a n a d a p t i v e inverse optimal controller for the magnetic levitation system. First, we designed an inverse optimal controller with a pre-feedback gravity compensator and applied it to the magnetic levitation system. However, this controller cannot guarantee any stability margin. We demonstrated that the controller did not work well (offset error remained) in the experiment. Hence, we proposed an improved controller via an adaptive control technique to guarantee the stability margin. Finally, we 
